This article reports new results of theoretical and numerical studies of spectral features of the collision-induced hyper-Rayleigh light scattered in dihydrogen-noble gas (H 2 -Rg) mixtures. The most massive and polarizable scattering supermolecules with Rg = Kr and Xe have been added to the previously considered systems in order to gain a more complete insight into the evolution of the spectral properties. The symmetry adapted components of the first collisional hyperpolarizabilities are obtained by means of the quantum chemistry numerical routines supplemented with appropriate theoretical methods. Roto-translational spectral lines are calculated on the grounds of the quantummechanical as well as semi-classical approach. The role of particular hyperpolarizability components in forming the line shapes is discussed. The intensities of the lines are compared with those obtained for less massive scatterers. Advantages of prospective application of the new scattering systems for experimental detection of the nonlinear collisional effects are indicated.
I. INTRODUCTION
Intermolecular interactions and related phenomena in which the hydrogen molecule is involved are currently of interest because of their importance to astrophysics, atmospheric research as well as for molecular physics, chemistry, and biology. On the other hand, technical and industrial applications in this field are also of growing importance. Being the most abundant compound in the universe dihydrogen is relevant to the interpretation of spectroscopic data obtained form observations of distant stellar and planetary objects. 1, 2 Additionally, its complexes formed with foreign atomic or molecular units may be invaluable source of data concerning the other entities-their individual or collective features and correlations. 3, 4 More practical matters could be also mentioned in this context, 5 including, for instance, physisorption as a potential method for the efficient storage of H 2 or remote sensing techniques. 6 Therefore, it has come as no surprise that in molecular spectroscopy the systems composed of dihydrogen-dihydrogen or dihydrogen-(rare gas atom) pairs have become the compounds of interest for their convenient experimental attainment and relatively straightforward theoretical interpretation of their behavior. For the same reasons they are widely regarded as prototype systems applied for modeling purposes of the properties and interactions of more complex structures. 3, 4 a) Authors to whom correspondence should be addressed. Electronic addresses: glaz@amu.edu.pl and tbancewi@zon12.physd.amu.edu.pl. URL: http://zon8.physd.amu.edu.pl/~tbancewi. b) Electronic mail: jean-luc.godet@univ-angers.fr c) Electronic mail: maroulis@upatras.gr Following these ideas, this report is intended as a continuation of a series of previously published papers on spectral analyses of the hyper-Rayleigh collision-induced light scattering processes (CIHR) in dihydrogen-rare gas (Rg) pairs comprising H 2 -He (Ref. 7) , H 2 -Ne (Ref. 5) , and H 2 -Ar (Ref. 8) pairs. Some essential features of the interaction in the above pairs have been also explored in some depth, theoretically for H 2 -Ar (Refs. 9 and 10) as well as-computationally for H 2 -He and H 2 -Ne (Refs. 11 and 12); this study is now to be expanded to include the remaining H 2 -Rg weakly bound molecules (Rg = Kr and Xe).
The hyper-Rayleigh (HR) light scattering phenomena considered in the earlier works represent nonlinear effects in which the frequency of the incident light is doubled during a three photon scattering event. Its occurrence is attributed to relevant optical quantities characterizing a scatterer (hyper-/ polarizabilities) that may be intrinsic features of an individual microscopic entity or transient effects mediated by intermolecular interactions. The hyper-Rayleigh process originates in the Rayleigh first-hyperpolarizability property. This third order tensor, β ij k , is in general symmetric in its last two indexes [13] [14] [15] (two fields of laser radiation are indistinguishable). However in transparent media and far from electron resonances to a good approximation this quantity can be considered as fully symmetric in all its indexes. 16 On the basis of this assumption, the third order first-hyperpolarizability tensor is actually a tensorial sum, β = β (1) ⊕ β (3) , of the irreducible spherical vector and septor part of weight 1 and 3, respectively. 17 Usually, in an analytical description of physical phenomena the vector and septor parts of the hyperpolarizability are not expressed as mixed terms, analogously to the isotropic and anisotropic parts of the linear polarizability in the linear Rayleigh and Raman light scattering. 18 Therefore, in the present study the vector and septor parts of the collision-induced hyperpolarizability (CIH) tensor are considered separately. Consequently, in spectral computing the vector CIHR spectrum and the septor CIHR spectra are also distinguished from each other.
The monomer hyperpolarizabilities, and the nonlinear radiative effects they bring about, have been extensively studied both theoretically 15, [19] [20] [21] [22] and experimentally, [23] [24] [25] [26] while a method of analysis of the collisional phenomena is still to be developed. Significant work has been reported on the H 2 -Kr/Xe systems. Kudian 28 Dunker and Gordon 29 analyzed the spectra of both complexes to obtain anisotropic intermolecular potentials and transition dipole moments. The collisioninduced absorption spectra of D 2 in mixtures of D 2 -Kr have been observed by Abu-Kharma et al. 30 The organization of the paper reflect the initial motivation of the study: to develop a thorough theoretical description of CIHR spectral properties induced in mixtures of dihydrogen and the heaviest noble gas atoms with addition efforts aimed at an assessment of experimental feasibility of detecting this effect. To this end, in Sec. II the basic concepts and details of computing procedures regarding the collision-induced hyperpolarizabilities are given: the methods of determining the symmetry adapted components are briefly described and the ab initio quantum chemistry (QC) algorithms are discussed. Section III is devoted to theoretical and numerical techniques that have been used for evaluating roto-translational CIHR spectra. Exemplary CIH functional shapes and spectral CIHR profiles are illustrated in figures of Sec. IV and discussed. Experimental aspects are also considered in this section.
II. HYPERPOLARIZABILITIES

A. Ab initio calculation of the interaction-induced hyperpolarizability
The calculation of the interaction-induced electric properties of the H 2 -Kr and H 2 -Xe pairs leans heavily on the experience accumulated from the previous work on such systems as H 2 -H 2 , Ne-HF, Ne-FH, and Rg-Rg (Rg = He, Ne, Ar, and Kr), 31 Rg-CO 2 (Rg = He, Ne, Ar, Kr, and Xe), 32 Ne-Ar (Refs. 33 and 34), Xe-Xe (Refs. 35), Kr-Xe (Refs. 36 and 37), and H 2 O-Rg (Rg = He, Ne, Ar, Kr, and Xe).
11 Only a few essentials are given here.
The interaction-induced properties for a pair consisting of subunits A and B are extracted from calculations on the A-B supermolecules. Basis set superposition error (BSSE) effects are removed by the counterpoise (CP) method of Boys and Bernardi. 38 All relevant calculations are performed with the CCSD method, single and double excitation coupledcluster theory. All basis sets have been tested in previous work. Atom-specific, purpose oriented basis sets are used for both Kr 
B. Collisional symmetry adapted hyperpolarizability components
For a pair composed of a linear centrosymmetric molecule and an atom, such as H 2 -Kr and H 2 -Xe systems considered in this work, the collision-induced hyperpolarizability tensor β depends on the H 2 molecule orientation ≡ (θ , ϕ) and the relative supermolecular spatial arrangement determined by the length and orientation of the vector R connecting the centers of mass of H 2 and Rg. 17, 43, 44 For this pair the Cartesian reference system (XYZ) is attached with its origin in the center of H 2 molecule. To simplify the considerations, the vector R is chosen to be parallel to the Z axis. The Cartesian components of CIH are computed using the quantum chemistry methods described in Subsection II A 45, 46 for three relative H 2 -Rg intermolecular geometries: L-shaped
• ), and θ = 45 • geometry. Twenty three intermolecular distances, ranging from R = 4.0 up to R = 16.0 a 0 , are taken at each orientation. Next, the transformation from the Cartesian to irreducible spherical tensors β
To study the rotational behavior of the H 2 -Rg pair in respect to the orientational motion of the H 2 molecule and the rotation of R it is convenient to express the vector and the septor part of CI hyperpolarizability β(R) in the form of a linear combination of a properly tailored set of spherical harmonics: In the similar manner, the septor case brings forth seven non-vanishing terms: β
m=0,2 (θ = 90
• ; R), and β
, which accordingly lead to a set of the same number of equations that can be solved in regard to a specific variety of the SA CIH components: β 
III. SPECTRAL AND EXPERIMENTAL CONSIDERATIONS
The method applied in this report and some crucial elements of spectral and experimental analysis resemble to a significant extent those given in the works published before. 5, 7, 8, 48, 49 Therefore, only some core points of the procedures are demonstrated hereafter, which-if necessarycan be supplemented by the details provided in the refereed papers. 
A. Theoretical spectra
Most of the relevant data that might be extracted from a HR scattered light beam are conveyed by the translational spectral density profile involved in a convoluted rototranslational (R-T) expression rendering the shape of the experimentally attainable double differential intensity (DDI):
where the term of the most significant importance, the translational spectral density g(ν − ν jj ) is obtained through two independent numerical routines: the quantum mechanical (QM) and semi-classical (SC) approach; 48 a scenario designed for benchmarking purposes of the level of computational accuracy. Within the QM scheme the translational profiles are evaluated by integrating the radial Schrödinger equation on the basis of a modified Numerov algorithm. 48, 50 On the other hand, the semi-classical DDI functions are produced by determining classical molecular trajectories dependent on molecular velocities and collisional parameters. 8, 51 Subsequently, the Fourier transforms of SA CIH components are yielded by the Posch formulas given in Refs. 52 and 53 and the resulting classical spectra are desymmetrized afterwards in accordance with the sum rules values of the semiclassical moments M 0 , M 1 , and M 2 . In both types of the computing routines the intermolecular interactions during collisional encounters are expressed via the potential energy surfaces calculated with reliable codes delivered in works by Roy and co-workers. 54, 55 As a result, collisional R-T spectra related to the vector and septor parts of the H 2 -Kr and H 2 -Xe hyperpolarizabilities are found, of which two exemplary profiles are presented in Figures 5 and 6 .
The functional form of DDI represented by Eq. (2) is obtained on the condition that the rotational and translational FIG. 6 . The same as in Figure 5 , yet for the septor CIHR spectrum in H 2 -Kr mixture.
degrees of freedom are treated independently. This approximate assumption seems justifiable as the first approach solution to the problem, when the influence of intermolecular potential anisotropy is relatively less pronounced. Moreover, such a treatment leads to the DDI expressions in which additive contributions corresponding to a specific set of indices, identifying individual SA hyperpolarizability shares do not mix, hence their influence may be treated and analyzed separately. As a consequence, aggregated lines associated with the SA CIH components labeled λ equal 0, 2, and 4 are singled out and their role is illustrated in the figures mentioned.
B. Experimental remarks
By incorporating the last two heavier supermolecular systems into the family of H 2 -Rg compounds of known ab initio hyperpolarizability values an opportunity arises of a more complete comparative study of the CIH spatial distribution as well as the spectral properties they determine. It seems rather obvious that the features of CIHR scattering must vary with increasing size of the Rg perturber resulting in more polarizable scattering units. This gives rise to a hope that experimental detection of nonlinear collisional profiles can be more easily achievable. An initial assessment of such a possibility has been undertaken in preceding papers of the series regarding CIHR scattering in the H 2 -Ne system, e.g., in Ref. 5 .
The quantity that is usually considered as experimentally attainable in nonlinear light scattering measurements is a spectral function that consists of two components related to the vector and septor spectral intensities identified by the index K (K = 1 or 3) in Eq. (2), where the χ (K) coefficient depends on the geometry of arrangement of the experimental setup used. For instance, for the so-called polarized spectrum, J ⊥ (ν), χ (K) is equal 2/9 and 2/21 for K = 1 and 3, respectively. 8 In Figure 7 the R-T polarized intensities are shown for the lighter H 2 -Ne systems, considered earlier in this context, 5 and for the van der Waals pairs with Rg = Kr and Xe. In order to estimate feasibility of a realistic experimental treatment of the CIHR spectra, the intensities are usually expressed via counts of photon per second (cps per cm −1 ). As follows from the analyzes reported in, e.g., Refs. 56 and 57 the two quantities are related via the formula:
where the number densities n and parameters characterizing the laser signal properties: r -repetition rate , -pulse energy, and τ -pulse duration can be changed and adjusted within certain limits according to experimental circumstances and the apparatus sensitivity; the solid collection angle, s , is usually set to 0.1 sr. In Ref. 5 , considering the characteristics of a given Nd:YAG laser 58 and the example of HR measurements obtained by Pyatt and Shelton, 56 we show that the H 2 -Ne CIHR spectra could be experimentally detected. As for the spectra of H 2 -Kr and H 2 -Xe CIHR, for which the signals are more intense, this conclusion can be applied as well. It is noteworthy that there is always a certain margin of adjustments of the experimental setup possible to enhance measuring performance. As it is to be shown, a proper choice of the scattering compound may be also applied to this effect.
IV. RESULTS AND FINAL REMARKS
The resulting values of the SA collisional hyperpolarizability components are presented in tables provided at http://zon8.physd.amu.edu.pl/~tbancewi. Figures 1-4 show the calculated profiles: the two heaviest colliding pairs are considered and compared, both in regard to the vector as well as the septor components of the hyperpolarizabilities. This allows analysis of characteristic features of the β(R) dependence, of especially sophisticated nature within the small intermolecular distances. It should be reminded, however that also the monotonic low value tails are of essential importance for forming the central regions of the collisional HR lines, hence they also should be carefully studied. The discrete points in Figures 1-4 exemplify a few chosen sets of the ab initio method results. The lines represent functional dependence of the collisional hyperpolarizability on the intermolecular distance between H 2 and a noble gas scatterer are evaluated by applying the Marquadt-Levenberg fitting algorithm 59 (a modelling formula together with fitting parameters are available from the corresponding author upon request). The fitted functions are determined within a relatively wide range of separations ranging from R = 4 to 14 a 0 that, according to earlier assessments, 60 provides a satisfactory range for calculating reliable spectral shapes.
These spectral lines are depicted in Figures 5 and 6 , where two representative examples of the overall R-T spectral profiles are shown: the vector type CI effect in H 2 -Xe and the septor contribution in H 2 -Kr mixtures both taken at room temperature of 295 K. The shapes are calculated mainly by means of the quantum-mechanical routines, yet the semiclassical points representing the total R-T contours (denoted "tot") are also marked for comparison. A nice agreement is observed between two data sets within the frequency domain that brings non-negligible contribution to the convolution of Eq. (2), i.e., not far than 360 cm −1 at the sides of the rotational peaks. In the logarithmic scale virtually no discrepancy between the QM and SC is visible. Even though more quantitative assessment reveals that the relative root mean square deviation of the QM and SC spectral lines reaches about 2.0% for the vector case and 2.5% for the septor-related results, this may anyway serve as a solid proof of the computational accuracy of the codes applied.
Partial profiles representing particular SA shares (marked 01, 03, 2X, and 4X in the figures) can be dissected from the overall theoretical spectrum so as to enable assessment various contribution to the detected signal. This is especially obvious for the purely translational profiles yielded by λL = 01 and 03 SA components, which participate mostly, albeit not exclusively, in shaping the central section of the R-T total spectrum (for ν between −200 and 200 cm −1 ). On the other hand, the region of high frequency shift that begins at about 1800.0 cm −1 is almost solely determined by the total contribution corresponding to λ = 4 SA CIH (denoted by 4X). This section of the spectrum is partially related to the HR scattering with J = ±4, which accounts for its dominance over the remaining 01 and 2X shares in the wings of the R-T spectra in Figures 5 and 6 . The λ = 2-related shape (2X) exhibits more meaningful presence for the frequency area spanning in between. Its role, however, cannot be as easily distinguished as these of previously mentioned parts.
Once the H 2 -Kr and H 2 -Xe are included into the spectral considerations a more comprehensive insight into the evolution of the role of the vector and septor part in forming the CIHR R-T shapes is possible. Analysis of this problem performed for the lighter scatterers 5, 7 has revealed a dominance of the vector component in the low frequency region of the spectra (|ν| ≤ 300 cm −1 ) and a predominant contribution of the septor part in the spectral wings. The light scattered on the heaviest pairs, however, has shown a growing influence of the latter component, which can be seen in Figures 8 and 9 , where two graphs corresponding to the vector and septor parts of the depolarized intensity shapes are compared. This effect is especially visible in Figure 9 , where additionally the two spectral components related to the least massive system, H 2 -He, are plotted for comparison with the heaviest scatterer case of H 2 -Xe. In both pictures the septor lines start to take precedence over the vector's share at ν ≈ 1200 cm one hand, this finding provides a partial proof of an increasing role of the short range collisional mechanisms (overlap, dispersion) with growing mass and size of scatterers, while on the other, it may deliver a clue in the efforts of designing an experimental method for discerning the hyperpolarizability component values of different order. To be more precise, the circumstance noted could hopefully enable numerical extraction of more reliable values of the vector and septor parts from measured polarized and depolarized HR signals. 8 As far as the experimental prospects are considered, another kind of evolution in the total R-T spectral profiles can be observed. Namely, the spectral shapes demonstrated in Figure 7 can cast some light on the question of the experimental feasibility of the CIHR scattering measurements. In the picture the polarized spectral shapes corresponding to the Ne perturber are compared with the lines induced by the more polarizable, supermolecules including Kr and Xe atoms. The increase in the HR signal is noticeable and meaningful: the top spectral peak for the H 2 -Xe scatterer is of about two orders of magnitude stronger than the relevant values for the hydrogen-neon case discussed in the section above; a similar increase, albeit to a lesser extent is apparent for H 2 Kr. Bearing in mind that, according to Eq. (3) an experimentally detected CIHR signal expressed in the counts of photon per second is proportional to the calculated intensities, it may be expected that the obtained values should improve at approximately the same rate granting a better opportunity for reliable measurements.
As a result, the CIHR spectral properties have been analyzed with regard to the significance of the specific line shape components associated with irreducible tensorial quantities of particular order. Similarly to the previously considered processes in the mixtures of lighter colliding pairs, the dominant role of the purely translational KλL = 101 and 303 lines has been found within the low frequency region. The influence of the septor related contributions, however, proves to be more pronounced for the H 2 Kr and H 2 Xe systems than in the earlier analyzed cases. The total intensities of the scattered signals are also meaningfully higher for these scatterers in comparison with their lighter counterparts. According to the analysis performed, the last two conclusions may be treated as a reliable incentive for prospective experimental efforts in the field of the nonlinear collisional light scattering phenomena.
ACKNOWLEDGMENTS
This paper has been supported by the research project Nr. N N202 069939 sponsored by The Polish Ministry of Sciences and Higher Education.
